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A d ao vehl* modal, simlating both the vehicle d4naics and

the wheel-soft soil interaction, is presented. Equations of motion are

pWesented for a two-dimeional, six-degree-of-freedon vehicle. Rela-

tioships for forces and nonents on the vehicle and its wheels due to

wheel-toil interactiom are d~elomd as funotions of normal and shear

stresses in the soil. Both the rigid wheel and flexible wheel cases

are addressed. Current state-of-the-art rlationships among shear

stress, normal stre3s, wheel sinkage, a wheel slip are used. Para-

aetrie studies are used to assess the qualitative validity of the-

model.

While experimental data does not exist, comparison of the results

of the simlation with knomn information from the field of off-ths-

road mobility indicatos the model to be valid.
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I=• OF SYMM

A, B, C coefficients in assumed normal stress equation

a the angle between a normal force on the wheel and the Z axis;
the angle bjtween a tangetial force on the wheel and the
I axis

• ~the angle between the Z axis and the oenter line, of the zone

of tire deflection

j9 the angle from the x axis to the canter of the theoretical
contact patch

B the width of a soil sinkage oplate

b wheel width

o soil cohesion

DI, D2Z suspension forces on front and rear. wheels, respectively

Sd distance in Z direction from a wheal X axis

F7, Fs the net forces on a wheel in the X and Z directions

FX1 ths nft force an the front wheel in the X direction

Fxs2 the net force on Uwh roar wheal in the X direction

FSl the not force on the front wheel in the Z direction !

SF&2 the not forc on the rear wheel in the Z 4direction °

SFZN, FSO the 2 omeponent of norml force on a whael

SFxT, Fxr the X coppotent of shear force on a wheel

•°F rT r th.• Z coponent of #bear force on awhe

F" the foras due to normal .4ress an the deflected portion of
) a contact patch

S~a contact, patch

F •c "M the I *Om eo nt of roxv
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Vi

Fl$ e iomponent of

FottAx X component of FCIT

S•'CST% the Z component of FCST

G the not torque on the body about the Y axis

SGy the cotinad net torque on both front and rear wheels

S/ tV-1 vheel angle, measured froa the horizontal, which locates
points on +he wheel surface

Sthe 4eel entrance ani"C: aere it first touches the soil

the VIM1 eOdt angle; where it leaves the soil

'0 the entrance angle to the undisturbed soil profile
"lo

721 the exit, angle to he undistimrbed soil profile

I .2- the angles which define the limits of the gone of tire
deflection for a flexwble wheel

Iy the angle to the center of the actual nontact patch

the a e to the center of the deflecjed portion of the
contact patch

a vertical load on a wheel

h the initial soil bearing capacity, dependen*t on plate shape

mIo,, m ents of imnetia of a body about the X, Y, and Z axes

IXS the product of inertia of a body about the X and Z axes

Iyw the combined wheel-drive train rotary moment of inertia

soil deformation under shear stress

kc  Bekker's soil, modulus of cohesion

k Beakker's soil modulus of friction

ke S61a-"rlich modified soil modulus of cohesion

K the deformation modulus of a soil shear stress-strain curve

L the length of a linear contact patch
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Vii.

N ~vehicle aass

B

at, a, =as of front ars rear wheels, respectively

the tots) moment at the vehicle CO dua to soil forces in the
X direction

H~ X the uminnt at the vehicle CG due to F and F

M, NT2 the moment at t-e front and rear wheel centers due to shear
stress

the mownt at the vehicle CO due to Felix

Mot the momnt at the vehiole CG due ti FCzrX

mwl,Mw2 the engine torque on the front and rear wheels

N the normal soil force on a wheel

n Bekker's soil sinkage exponent

j normal soil streso (preseure)

€MAX the Mazinam normal pressure whech occurs under a rigid wheel

ITMOIM he heoetial axiat or= prssue wichwoul3d occur if
awheel were rigid

#1 the angle of internal soil friction

PIS the maxinm allowable soil pressure under a flexible wheel

SPi the inflation pressure within a tire

P0  the carcass pressr of a tire

p normal soil. stress (prensumre)

Pi the initial soil bearing capacity

PQR rates of rotation of a body about the X, Y, and Z axes

bydranlic radius

r radius of a wheel

a wheel slip

T the tangential soil force on a wheel
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T shear stress

9 pitch angle of a body masured about the Y axis p
the local ground slope at a wheel

U, V, W velocities in the X, Y, and Z directions

W1 vehicle we iht J

, v weight of front and rear wbeels

a depth of sinkage

2 the degree of soil compaction, dependent on previous ioads on
the soil

depth of wheel sinkage at the center of the contact patch

sm- the theoretical depth of wheel sinkage which vould occur if
a wheel were rigid

zp~i t•,he rest position of a wheel (i - 1, 2 for front or rear)

Z the wheel displacement from the rest position (1 - 1,2 for
front or rear wheel)

I
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I. INTRODUMTON4

I The computer has provided a valusale tool for use in the plannig,

developmnt, and analysis of off-the-reed vehicle systems; cut-and-try

I techniques are giving way to computerized simulations as a method of

anmx,-ying various.systess in the search for the optimum configuration.

It appearu likely that long procuremnt lead times, and their associ-11 ated skyrocketing costs, cam be reduced through the use of sizmilations.

A detailed dynamic model which includes vehicle dynamdes and

wheel-soft soil relationships is necessary to realise the full poten-
tial, of the computer, and to provide accurate modeling of prototypes.
While they have taken the necessary early steps, previously developed

simulations are not deta:Led dynamic wodels; ore type depends upon

equilibrium equations ,2 another upon rigid wheel-rigid surface rela-

3tionships , while a third models the vehicle components and determines

soil forces from a data bank of experimental results8. This report is

a significant deviation from most previous work in that it preeents a

dynamic vehicle model with particular emupasis on the wheel-sowil inter-

action. The apnproach to the wheel-soil problem considers the basic

shear and normal stresses acting at the soil-wheel interface, and

derives all forces and moments an functions of these stresses. Current

state-of-the-art relationships among shear stress, norml stress,

sinkae, ;ad wheel slip are used. in this analysis, speed effects have

been neglected, since current literature indicates no velocity effects

in the range of consideration.
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[1 IIM BACI~iROUN

A. ,EDICT 'lWHEEL PF•fU(ANCB

The validity of any zathenatical vinulation depends upon the

Sability to formulate the relationships among the factors which deter-

sine the behavior of the prototype. Of interest in the voil-wheel

problem are the relat.io shps among shear and normal stresses withinSthe soil, forces on the wheel, azx wheel slip. The formulation of

these relationships has proven to be particularly difficult.

The foroes acting at the soil-wheel interface are shown in

Vigure 1. Shear and normal stxesses each produce component forces in 3-

the hori•ontal and vertical directions. The total horizontal and

vertical forces are the sums of these conponents.

One of the most widely accepted expressions for pressure under a

plate in soil is that proposed by l&ekker

Dm(p 0 + (1

where

p - soil prmssum on the plate

k, k #, and n are soil parameters

B --width of the plate

S- depth of uinkage of the plate

Bekker used Equation (1) to predict the uink ge of a rigid wheel in

soft soil froK data obtained using plate tests.

Figre 2 shows a tyvpical- normi soil pressure distribution that

has been ueaured under a rigid wheel. Also shown is the pressure
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distribution predicted by Bekker's equation. The significant differ-

enoes are evident. As can easily be. seen, the lift force predicted by usi•n

Equation (1) will be larger than the actual force realized, hence the

predicted sinkage wil be less than the actual sinkage.

6
Sela and Ehrlich reeenty.y proposed a modificatioa to Bekker's

equation:

pw + ~+ (ko j4)s + 2)f()

whre

p - the nominal soil pressure under a plate

pi - the initial soil bearing capacity, intependentPj - of plate shape (a paraweter of the soil)

h the initial soil bearing capacity, dependent
on plate shape (a paramter of the soil)

plaza area
Rh hydraulic radius of the plate

plate periter

k -the soil strength modulus, independent of
plate shape (a parameter oZ the soil)

ka- the soil strength modulus, dependent on
plate shape (a parameter of the soil)

I - the degree of soil co-xtp ion, dependent on
previous loads on tha soil (a parmter of the soil)

a- the sinkage into the soil at whith the nominal
pressure, p, is ueasm-ed

n- the soil sinkage exponent (a parameter of the soil)

They then used Equation (2) to predict the performance of a rigid wheel

in soft soil at sero slip 7. Sala and Ehrlich attempted to compensate

for the differene in actual and predictec pressure distributions by

neglecting the shear stress contribution to normal force on the wheal.
I
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The performance predicted has shown good agreemant with experimental

results.

The ,,ll-knom Co-Iiou equation 8gves the shear strength of a

soil:

"(c * atan- ) ()

- shear strength (maxinw available
shear stress)

c -soil cohesion

f - norml pressure on the soil

- angle of internal soil friction
S~9

Using Equation (3), Janosi and Hanamoto proposed the following equa-

tion to describe a soil shear stress-strain cuvr:

7 (a~ + otano) (I e- aj/ (4)

Where
-ii

e - the base for Naperian logarithms

j - the soil deformation

K -the deformation modulus of the soil
shear stress-strain curve

As applied to a loaded soil-shear plate, this equation states that to

displace the plate a distance 3, the shear stress -r mist be overcom.

Note that this is 1ess than the =ma shear strength given by Equa-

tion (3), ard that for very large deformations (3 - ), Equation (4-

approaches Coulomb's equation.

In extending this equation to predict shear stress distri•uton
10

under a Wwel. Janowsi asansd that the wheel contact patch was a

series of small plates that acted independently, and obtained an
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G1-

expression for J from the cycloidal movenent of the wheal periphery.

Several other theories regarding shear stress have been advanced,

but they fall into two categorias:

(1) the solutions are incomplete beca4 se the number of

unknowns exceeds the number of equationt which can be written.

(2) if complete, the solution is limited to a very s9ecial

soil cordition.

Accordingly, Janosi's original approach is still the one uted by many

researchers.

It is believed that sinkage end normal stress are functions of

wheel slip. However, these relationships have not yet been discovered.

B. YEHICIZ SIMULATION

In an extensive report on vehicle-terrain simulations, Schuring

and Belsdorf have presented a model of a vehicle traversing soft,

smooth soil. The simulation assumed steady-state movement, and hence

was postulated in terms of equations of equilibrium.

The vheel performance equations were derived from an assumed

triangular distribution of normnl stress, with the maxii=m stress

determined by Bekker's equation', from the Janosi-aanamoto equations for

ahear stress distribution (simpllified by some assumptions involving the

relative magnitudes of sines and cosines); and from an assumed empi-

rical relationship between leading and trailing portions of the contact

sons. See Figures 3 and 4.

Execution of the simulation requires simultaneous solution of

various algebraie equations, and. provides the folljo1wi output:



7 7

R- 1689

8

PIZ

r ASSU]ED PRESSSURE DISTRI=0TIO (le n

(b - wheel widthi)

FIGURE 3 TRLIANGULAR NORM~AL SWRES DISTMIUTION
III SCHR.EuNG-iZLs.cMF MODEL

1
I!

FRO!"T ANGLE - RMA AWGIE REAR AIMS -O0

SOFT WHEEL ON RIGID GROUND RIGID WHEELJ ON 'SOFT CROUND

I

FIGURE 4 TD REILATIONSHIP A ETWRESN FRONT AIT A00!
REAR £NGL OF PYZNjTIC TIRiS 1N SCHURflhG-BMLSDER L 13



t- 1689

S~9

e the 'thrust" force at the contact zone of a driven wheel

* the drive torque at the axle of a driven wheel

* the slip of the driven wheel

e the forward veloo.ty of the vehicle

The model, however, has not been verified by experiment.

In the report of their study of egress performance of vehicles,

Muddappa and Baker 2 have presented a model of a vehicle traversing

soft, smooth soil. The simulation determined inertial forces acting on

the vehicle as a result of its veloc-iy, and assumed the vehicle and

forces acting on it to be in dynamic equilibrium (steady-state) at

finite jcrements of time. The simulation waE postulated in terms of a

higIly non-linear set of differential equations.

The wheel performance equations were derived from an assumed

linear contact patch; from the uheel sinkage given by Equation (1); and

from the "compactir resistance" of the soil, computed by integrating

Equation (1). See Figure 5.
Execution of the simulation consists of mi iterative procedure,

and provides the position of the vehicle as part of its output. The

model also has not been Verified by experiment.

Schoch and Shah , in their report on the development of computer-

modeling techniques, have presented an example model of a tracked

vehicle traversing a soil terrain. This simulation used extensiv

models of vehicle components and their interaction to calculate engine

torque and speed of wheel sprockets.

The track performance was determined from a table of test values

£or a similiar vehicle. Using sprocket speeds as input, and
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considering Zactors such as slope, rolling resiptanee, and soil condi- -

tions, the model determines sprocket forces as its output. Vehicle

speed follows as a function of sprocket forces.

Sloss, Ehrrlich, and Worden rhave presented a mdel of a vehicle

egre-sing rom nwater onto a hard ramp. The simulation assued the

vehicle to be in non-steady-state motion, and was postulated in terms

of its differential equations of motion. Since the simulation assumed

a hard bank, the- wheel performance equations derived used normal forces

and the coefficient of friction to determine ubeel-bank forces. Execu-

tion of the simulation involved solving the differential equations ofI motion by a numerical method, with outpits of vehicle location, speed,

acceleration, and pitch attitude. Tbe computer model was verified by

scale model tests and has shown close agreement with experimental

results.
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III, THE M•TEALTICAL MOIDL

A. THE VEHICIL AND ITS REFERENCE FRAMES

The simulatio:. discussed in this report uses the US Araq M151A1

*Ton Truck, " 'JeipR, as its prototype vehicle. The vehicle is

j aasused to be two-dimensional (vertical plane) with 6 degreed of free.

dom. The hull of the vehicle has freedom of surge, heave, and pitch

Each wheel is free to heave. In addition, the front and rear wheels

are free to rotate, but they are not independent because of the action

of the transfer case.

There are three coordinate systems used in the simulation; they

are shown in Figure 6. The X'Z' system is the inertial reference

frame, with the X' axis lying along the horizontal. The XZ system is

affixed to the vehicle, with its origin at the vehicle center of

gravity. When the vxhicle is at rest on a horizontal pro7ile, the X

"cxis is horizontal. The xz system is affixed to the hub of each wheel,

and carries a subscript which denotes the specific wheel which it de-

scribes (1 - Front, 2 - Rear). The xz axes are parallal to the respec-

tive XZ axes. Note that since the wheel is ory yfree to heave, the x

axis will not be used in this model.

The vehicle suspension is simulated by a spring and damper system.

Since there is gsrerally vcry little movement of wheels in the horizon..

tal direction, the suspension is assumed to be solidly affixed to the

Surge is forward motion; heave is up-and-down motion; and pitch
is rotation about an r ;s which goes through the center of gravity of
the vehicle, and is perpendicular to the plane of the vehicle,
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vehicle with no freedom of movement in the X direction.

B. EQUATIONS OF MOTION

To represent properly the acceleration, velocity, a--,.A location of

a vehicle undergoing novrent, we must rely upon time-dependent equa-

tions of motion. These equations for a rigid body have been derived

many times before , so their derivation is omitted here. Instead,

they are presented in the generally accepted form, with coments as to

am they are applied to the model.

The equations used in this simulation are the minimum required for

program debugging and initial model validation. In reality, wheels

accelerating with respect to the body will produce inertial forces on

the body. These forces have been neglected since this is a first-cut

model designed to perform on uniformly sloping soil with uniform

strength (hence, nearly equal wheel sinkages). Under these circum.

stances, the inertial forces mentioned are small. They must be in-

eluded later, if, for example, the model is used to study obstacle

climbing.

1. Hull Equations

Six degrees of freedom of a aci'd body give rise to six

equations of motion. Of these six, the equations for surge, heave, and

pitch are:

Surge: F. "M(5 + QW" ) (5)

Heave: F M -W: + P - QU) (6)

Pitch: - (1)

where

U,V,W - velocities in the X, Y, and Z directions
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P,QR rates of rotations about the XtY, and
Z axes

M - the mass of the body

FxF.- the net forces on the xMy in the X
and Z directions

I the prod-ct of inertia of the body
about the X and Z axes

G * -the net torque on the body about the
Y axis

IIz ,Iy - moments of inertia of the body about
the X,Y, and Z axes

Under the two-dimnsaional assumption, the terms VP, and R are zero, so

the equations reduce to the following:

G0 -IY (10)

2. Wheel Equations

The two degrees of freedom at the wheels give rise to two

equations of motion: for heave and for pitch (Equations (6) and (7)).

Again, the terms V,P, and R are zero, so theae equations reduce to

zi !-i±Wi - i i. J.

S-I (

where the subscripts denote front and rear wheels according to the

notation of Figure 6, and

G - the combined net torque on both wheels
yv

S- the co~biied vheel-drive train rotary
Smoment of inertia

( - Q1 - 2 (since the wheels are not
Iidepeedent)
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C. SOIL FORCES ON A RIGID WHEEL

In order to get expressions for the forces and moments in the

equations of motion. I now turn to an arAlysis of the wheel-soil inter-

action.

All forces exerted on the wheel by the soil are assumed to arise

from two basic stresses: normal stress and shear stress. The effects

of these stresses are to resist sinkage and forward motion of the uheel

due to compaction on the soil, to resist rotation of the wheal due to

shearing of the soil, and to provide traction. Each stress will be

considered individually, and examined for its effect on wheel motion.

The rigid %heel case will be treated first, since it is applicable over

a considerable range of sinkages for certain soils, and it is the

siaplest case to discuss.

1. Normal Stress Forces and Moments On k Rigid Wheel

The normal stress is directed radially inward on the wheel.

A compessive stress is considered positive, no negative stresses are

allowed, and the stress is assumed to be uniform across the width of

the wheel. The stress at a given point is the average stress of an

elemental force acting on an elemental area. Points on the -heel sur-

face are located by an angle - measured from the horizontal. A

counterclockwise angle is positive. The angle to the point where the

wheel first touches the soil (7i) is called the 'entrance angle', anmd

the angle to the point where the wheel leaves the coil (72 ) is called

the kixit angle.* The area of soil.wheel contact. between these two

angles is called the 'contact patch.* Referring to Figure 7, the
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M-2181 stress is empressed &a

dl
b r d-f

where b is the width of the wheel.

The norml stress produces forces which can be resolved into

pojents in the vehicle coordinate system. This is shown in Figr7.

The component of the force on the wheel i. the-X dir ion due to

nor=l stress is given as

Sixiliar!r, the coponent of the force on the whee2 in the Z direction

due to norml stress is

dso0, dN cona (15)

Cr=T e - T + Of 0 ) (16)

From trigonometry

,, ~ ~~sin+ + (,- e)] o( )(?

.os + Of - - ,in(- - e) (18)

From Equation (13)

d- b r dl (19)

Substituting these into Equations (1.) and (1) yields

dFx - - b r a cos(7 - e)dT (20)

dFor W b ree sin each dire (21)

To got the total force ontewheel in each direction, Equations (20)

and (21) are integrated acosthe entire contact vp&i~cn which is



I'

located by the argio& V and Hence

-zo b r sin(-y - O)d* (23)
S•72

Since the normal stress acts radially, it produces no mornt onI the wheel. Th forces due to normal stress do, however, prdw a

nowmnt about the vehicle center of gravity. The component force in the

Z direction is transitted to the suspension, and is thereby accounted

for in the equations of motion by the suspension forces. However,

since there is no freedcm in the X direction, the component force in

the X direction is transmitted directly to the body. Designating the

moment at the vehicle OG due to soil forces in the I direction as

and referring to Figure 8,

dMx dFx~(Z~j + Zi+ r oosa) ( 2 4)

where

Ni - the Orest* position of the wheel

Z - the wheel displacement from the
rest position

The sign of dMx will be deternined by the sign of dFxo, since a posi-

tive d~xo tends to rotate the vehicle in a positive direction, and a

negative dF,, tends to rotate the vehicle in a negative direction. The

II
total moient follows by integration,

Mxa MR(d + Z + r csaz)dF..(

----- - _ - + + + _"
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Substituting as before for cosa and dFx , and noting thatfdF " 'xF ,

gives

(ZRi + Zi)Fx + b r osfin(y-Y 9)cos(7 - 0) d7 (2?)

Y2
Equations (22), (23). and (27) give the forcee = moments which

result from normal stresses -: t wheel. Figure 7 shows that Fga

resists sinkage of the wheel, hence supports the vehicle, while
S~~resitat forward ntooion of the wheel, hence resists forward motion of- ]

the vehicle.

2. Shear Stress Forces and Hoents On a RigWi Wheel

The shear stress is directed tangentially on the wheel. A

shear stress which resists the motion of a wheel associated with ve-

hicle movement in the positive X direction is considered positive, and

the stress is assumed to be uniform across the width of the wheel.

Other assumptions and conventions for normal stress also hold. Re-

ferring to Figuru 9, the she .r stress is expressed asI Tm (28)

The shear stress produces forces which can be resolved into compo-

nents in the vehicle coordinate system. This is shown in Figure 9.

The component of the force on the wheel in the I directicn due to shear

stress is expressed as

d - d? cosca (29)
xr
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Sixiliary., the component of the force on the wheel in thn Z direction

due to shear stress is
dr:: Y dT sina (30)-"

From Equation (28)
SdT T b r d't (31)

Making this substitution, and the same substitution for a as before,

Equations (29) and (30') becomeI
dFx m.b r r si(y. )d- (32)
dFsr b r r cos(Y- e)dV (33)

Again, integration yields the total force on the wheel in each direc-

tion:

r b -i•( e)dv (31)Xr I

= - b r cos(, - O)dv (35)

Since the shear stress-acts tangentiaUly, it tends to retard th#

rotation of the wheel. This can be measured as a moment at the wheel

center. Designating this moment H,, and referring again to Figure 9,

O~r -r dT (36)

Making the previous substitution for dT, and integrating across the

contact patch giveb

Mr -b 0 (3?)

As in the case of normal stress, the forces due to shear stress

produce a moment about the vehicle center of gravity. Again, only the

component force in the X direction is transmitted directly to the body.
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The development of the expression for M,, i8 precisely the same as the

davelopment of 14w, with the obvious substitution of dFxr for dFx.

Hence, :

(Z•i + zi)Fxr + b r]sin(- - N)cos(7 - e)d7 (38)

Equations (34). (35). (37), and (38) give the forces and mozents

which result from shear stresses on the wheel. Figure 9 shous that FST

resists sinkage of tbi wheel, hence supports the vehicle, while FX7

tends to amve the heel in the forward direction, hence provides

traction.

D. NORYAL AND SHMA STRESS FUNCTIONS

S~The task now is to express a and r as fanctions of 'Y. Numsrous

studies have shown that normal stress is generally distributed in

a sy~mmetriwal, bell-shaped, or smtmsprblc m rars h

contact patch. However, no definitive formulation has yet been made.

Therefore, the somewhat parabolic distribution shown in Figure 10 is

assumed to be representative of the generally sccepted theory. The

equation for this distribution is

S('Y -2 7,(' -f7,)
6 7max.•. (39)..,,ý -Y 5, (7 - 7

wshere

_%- 21+-Y
2

Expading Equation (39) gives

- a - - ,7 (40)

or, in simpler form,
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0, (psi)
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FIGURE 10 ASSUMED NORMJAL STRESS DISTRiIBUTION
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SOM ;FILS

FIGURE 11 IL)GAL GROUNDJ SLOPEE AND SINKAGE FCiR A RIGID FRONT WHML
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o Al +B+C (4+1)

where " 4 )maI

A %%
72 f2 'Y1

The maximmi normal stress, 0 max* occurs at the center of the con-

tact patch. Bekker's equation for pressure, Equation (1), is used to

deterND 'mixn This requires an expression for the depth of sinkage

at the center of the contact patch. Figure 11 sho"s a rigid wheel and

a general soil profile, 3lnce the coil is generally not %xactly horl-

zontal, or UniforMly sloping, the angle e0 is called the ocdal growxi
I-

slope.3  It is the angle between th, horizontal and the chord cormc-.

ting the points of intersection of the wheel with the undisturbed soil

profile.at the front of the wheel, and the original soil profile at the

rear of the wheel. All sinkAges are easured perpendicular to this

chord. The ainkage is given as

S~mrsein(OG...r ein(eb -il) (42)

or

%= r in(OG - - sin(eG - "') (43)
The maximum pre•,sure is noV given as

- (.n +,, + (44)

Once the front wheels pass a point on the soil profile, the soil

is compacted, and the rear whee~s do not see the *origa~l" soil pro-.

file. The normal stress distrib~tion wS1 now be modified to account

1+?



Forur t12 showas atyical experimntal pressure vis sinkage curves
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presented by Bekker . These ourves show how the pressure acts mhen

the load on a plate is relieved, then re-applied. The curves show that

ihen the load is re-applied, the pressure almost imediatoly returns to

its value at the time the load %as relieved from the plate. Soil engi-

neers have used this behavior pattern for some tim to aid in the con-

struction of Void Ratio 3s log Pressure curves used in studying con-

solidation settlements8 It is also the basis of the z term in the

S• ala.9hrlich equation for prosstte (Equation (2)). Th. pressure re-

bound is accounted for as shown in iure 13. The norual stress dis-

tribution curve is assumed to be betueen the points located by the

theoretical entrance angle with the original soil profile, called -fl,,

and the actual exit angle with the current, or existing, soil profile.

i The distribution cur is not extended to the theoretical exit angle

wi th the original soil profile, Y2,, since the pressure vs si.kage

ourves show that the pressure almost inediato•y drops to zero when the

load is relieved. With these modifications, the factors in Equation

(41) becom, for the rear wheel,

A (4-_Jf)a

('Y If(4.6)

C - - (47)

The sinkage at the point of maxinum stress, which is now at the oenter

of the "modified' contact patch, is
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r inf~eG - -sin(% - (8)

For simplicity, Equations (45) - (48) will be used for both front and

rear wheels, since for tho front wheel, 7Y, is just equal to Y1.

As noted in Section IIA, there exist several theories on the

distribution of shear stress under & wheel undergoing slip. Janosi's

approach is employed since it is generally used. Schuring and

Belsdorf presented an expression for J. As modified for the conven-
tions and variabies used in this report, the expression is

j er rt - v + (I s)(cos('V - 0) -COSCv, e)) (49)

where asis the wheel sli given by

A.

in which

r - the radius of the wheel

a - the angular velocity of the wheel

I - the velocity of the rehicle

Substitution of Equation (49) into Equation (4) gives the expression

for shear stress:

( - + no) I-exp - , +. u+

( ) - s)(cos - 0) -COS(Y, - ,i

L ~ ~ -



R- 1689
31

E. INM ATION OF THM SOIL FORE= AM )*;AiT SQU&TIONS FOR THE RIGID

WHMEL

1. Integrations Involving Normal Stress

Equation (41) makes it possible to integrate directly Equa.-

tion (22.), (23), ad (27) for. Fx F and With the substitu.
tions~~~ ~~ (2) 2),aoi(7)fr

tion for a, these equations become

rY1
-FX(r - r [bA) + BY + c)cos(Y - e) dY (52)

r b - r fA'? + BY + C)sin(Y - e) dY (53)

Nj - (z~ + ai+ + +

b r,/(A'? + BY + -)s•(Y. - e)cos(Y 6 ) dY .5.

These are involved, but straightforward prob1,ms in integration by

parts. The results are.-

Fx - - (r + BY'" + C)sin(y - e) + -2 Yic)os(a -e) +

(vp •. + yG)oosl(y - 0) + 2(sin(Y - )- sin(-2 -e 155)

F lo b r (A? + By + C)cos(Y -8) + kIY -Y )sin( Y +

(2Y Y- n( -e+ 2 (coa(l -e)-oos( -esY ] (56)

1 2
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I

I

I

Um(Z�+Z±)?xu+br2{(A\� +BY + C)juin2(Y 9) +

2 - Y2)Sifl(2(Y2 - e)) +

(2Y - y + � )ain(2(y - e)) + coa(2(Y - e)) -
1 10 2I

oos(2(Y - e))Ij} (5?)
When evaluated fvr a given wheel position, Equations (55) ai�i (5?)Ij are inserted into the hull, equations of notion, while Equation (56) is

inserted into the wheel equations of motion as shown below.

I I
Equation (51) makes it ex ez2� difficult to integrate

direct2tyEquations (54), (35). Cs?). and (38) for FXT, � H7,

nu1�ricul integration si.mplif�es the yroblein considerably, axxi is
-J

easily imple�zinted on a computer. An accurate method is the Newton-

Cotes 5-Point Method. As an illustration, the integral of the shear

stress equation was calculated by two rwthods for various values of Y

1

v, One method was the Newton-Cotes Metbod, the other was th.
�rape5oid Method, using intervals of five degrt�es. The Trapesoid

Method ii known to be an accurate numerical method for computing $.nt�..

grals, but it requires mafl7 more c ta� 4 '�n� than the Nevton-�oteu

N.�A '�0 results are shown in Table I * In all cases, the value[ computed by the Newton-Cotes Method was within 0.48% of th. value
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TABLE; 1

COYXARTSON OF WdIrJICAL INTEGRATION METHODS

SLIP 7f "2 A.M.A BY IEWT'ON-COTES AREA BY TRAPEZOD DEVIATION

0% -- 20o -o11°0 ..46263 4.481281 0.45%

0% -300 -110° 2.516806 2.529037 0.48%

0% -400 -110° 1.156235 1.161734 0.4?%

20% -20 -110° 5.170466 5.187438 0.33%

20% -3oe 11o0 3.327870 3.337837 0.30%

20% .40 -1100 1.890615 1.89U82 0.20%

40% -20 -o110 5.5w398 5.5W96 o.33%

40t -300 -110° 3.759944 3.771866 0.32%
40% -40 -1100 2.294688 2.300244 0.24%

6o9 -20 -o110 5.757924 5.7??705 0.34%

60% -30° -10? 4.007252 4.021091 0.34%

60% -- o4 -110° 2.530277 2.527608 0.29%

P*% -20° -110o 5.890605 5.91o926 0.34%

80% -300 -zl0o 4.158725 4.173727 G.36%

80% -40° -110° 2.675515 2.684o94 0.32%

100% -200 -110o 5.978328 5.998789 0.34%
-k1s -300 - 01o° 4.257007 4.272829 0.37%

100% .400 -1100 2.769586 2.779135 0.34%
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computed by the Trapesoid .ethod. When evaluated, these force and

momnt terms are inserted into the equations of rotion in a manner

siniliar to that for normal stress.

F. SOIL FORCMS ON A FLUIBLE WMEL

1. Tire Deflection

As long as the pressure exerted on a tire by a soil stays be-

low some .rim value, the tire acts like a rigid wheel. When the

soil pressure reaches this maximum value, the tire deflects. The maxi-

mm allowable value of soil pressure under a wheel is assud to be ex-

pressible as

P'- Pi + Pa (38)

where

P - the -axiaum soil pressure

-•i" the inflation pressure -ithin the tire

Pc- the carcass pressure of the tire

This as•wu.tion, and the assumption of a symetrical normal stress

distribution with maximum value at the centerline of the modified con-

tact patch (Section 11I.D) leads to the following analysis:

a. The first deflection of the tire will be at the

centerlin of the nodiied contact patch if the maxiaum soil pressure

reaches P.,

b. Sinoe the soil pressure eazamt exceed P: the normal

pressure distribution W bo based u;n a theoretical sinka- 9hich

would obtain if the wheel remaiuad rigid. This theoreticta sinkage is

called s , ar the corresponding theoretical maximum normal stress is

Called
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I!
0. AS amaxTH increases, more of the tire deflects. The

""zone of tire deflection* is defined by that portion of the theoretical

normal pressure distribution which has ordinates greater than Note

that the zone of tire deflection is symtrical about the centerline of

the moditied contact patch, and that the normal pressure in the son.

is P,

-Additionally, the tire deflection is assumed to be linear. A typically

deflected tire and its associated normal stress distribution as assumd

in this report is shown in Figure 14.

Justification for this assumed stress distribution has been pro-
15

sented by Ellis , who shows that the pressure under a flexible tire

on a hard surface is nearly uniform across the contact patch, and drops

off sharply at the leading and trailing edges. Since the soil pressure

is at the maxi=u allowable under the deflected portl '-n of the tire,

the soil will not deflect wW further, hence it aots - a rigid surface.

The remainder of the tire still in contact with the soll will behave

according to the rigid wheel theory described above.

The problem of integrating Equations (22), (23), and (27) is

rdtared only by the need to know two additional angles (Y andY ) for
i P 2P

limits of integration. For the flexible wheel case, Equation (22), for

example, becms

Y
2 2P

bc r.b• jcos,(, - 0) dy- b rfoos(Y 0) Y.

YY
2 2P

b rfrcos( - e) dY (59)
Y

I P
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FIGURE 14 NOWUAL SMhS DISTRIBUTION W!DSR A FLEXIBLZ WHEEL
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Consider the equation for normal stress distribution,

S=A? + RB +C (60)

It is necessary to solve this for the angles when ar- P. Note that in

the expression for A9 7max ' TmvxTH. Substituting for o in Equation

(60) gives

A? + Ry + C P' (61)

or

AY +BY+ (C- P) - (62)

Applying the quadratic formla to solve for y gives

Y (63)
2A

Making the appropriate substitutions for A, B, and C, and then simpli-

fying yields

Y 1K ( + )+ o - )/Y P' (64)
10 1 " " a 2 GmaxTH

From this, the limits of the tire deflection area are

S-Y + -y + 10 -Y) _ (65)3
1P~ 10 2 1

y -P Y - (Y -Yi 1- (66)
1 2 10 2j

ly Omi.xTH

2. Normal Stress Forces and Movents On a Flexible Wheel

Figure 15 shows the normal stresses acting on a defletted

tire. Note that in the zone of tire deflection, the stress no longer

acwts radia.2, since it is perpendicular to the deflected portion of

the tire. This means that at any point along the deflection zone, the

sare, angle is used to resolve the foroes -du to normal stress into



R- 1689

38I

I I
Fczort

( ~~FIGURE 15 NOR)ML ST.RESS UNDER A MLXIBIlZ IHEF



3?

components in the vehicle coordinate system. This angle is the angle

between the centerline of the deflection zone, and the Z axis. From

Figure 15, the angle is

am+~ + y)O()
"- ~10

Note also that the expression for dN (Equation (19)) is no longer valid

since the incremental a#ea is no longer equal to b r dV. However, it

is not necessary to integrate actually any functions in the zone of

deflection. Because of the symmetry and constant pressure in the zone

of deflection, the resultant of all stresses in the c;one acts at the

centerlim of the modified contact patch. To find the resultrat,,

consider the contact patch in the zone of deflection. Since it is the

chord of a circle, the length of the patch is given by

L 2 rsin i Y P Ye (68)

The resultant is then

Fe 2 br•s n(i( 1 -r P n)) (69)

The components of the resultant force in the X and Z directions are:

FcaX 2~x - b r P i~o Y sna

IP 2Po

Faz, --2 b r P sin(I( -Y Y) oooc'

2 ' sin(iy - Y )) ainfi(Y + 2 Y )(1Iquations (22) and (23) can now be modified for the flexible wheel:

I 1'
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Y Y

F -- b rfcos('€-e) dv-br I oa(c-r) m'Y jy
2 1iP

b JnfY Y o(( (72)
- ~I br 2 2 '10 2

a b r a ' -) + b -8) dY

2 1 P

P-3 h ý)sin +'€)- (73)

Even though the stress in the zone of deflection no longer acts

radially, it still does not produce a moment on the wheal becatuse it is

symmtrioal about tbo centerline of the contact patch. , However, the

joment about tbo vehicle CG due to the components of forces due to nor-

mal stress is affected, lecause te moDment arm is no longer measured

from the edge of a circle, as it was for the rigid * el.

Since the resultant Fcta acts at the center of the contact sone,

the MDMent arm from its X component to the x axis of the wheal is

d -r cos - Y ))cos(a') (74)!P 2P _

The ooment about the vehicle CG due to the X component of FC0 o is

M ?cox(Zi + + d) (75)

M - 2brP si*y - Y )cos((y + Y +
IP 2 ZO 2 )~IzRi+

Sz• - r co W - )s +
Z~-ros* I P P i i( 10 + 2  ;j(6

Finally, ihe expression for K., follma from Equation (24)

Y Y

(c +Zi+roosa) C + 2+Z+rcosc) (77)tf

{ , Y

2
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In order to be able to write this in a somewhat oondensed form, let

2 2

2 b P ln~v+, cos(l5)E i+Z i o(½+:

r Y '

H b (Z ' + - o~ e)•o( - y 0)( 0) y]

sinod + sin(• e)cos(Y - e)d+J (80)
2Pi

Equations (72), (73), and (80) give the forces anl moments which

result from normal stresses on a flexible wheel.

3. Shear Stress Forces and Moments On a Flexible Wheel

Figuwe 16 shows the shear stresses acting on a deflected tir•.

As in the case of normal stress, at any point along the deflection zone,

the same angle is used to resolve the forces due to shear stress into

components in 1e vehicle coordinate system. The approach to findling

the resultant of the shear stresses acting in the deflection mone is Ali

the same one used for normal stress. It does, however, require the

simplifying assumaption that while the shear stress distribution is not I
symetrical about the centerline of the contact patch, the eccentricity

is s=all enough to neglect.

Figure 17 shows a typical shear stress distribution under a de.

fleeted tire as calculated from Equation (51), using ai - in the sons

of deflection. Not, that it is not symtrical about the eenterlis of

the aontact pitch. The eentroid of the area bounded by Y, and YI 20
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(and hence, the point of action of the rePaltant), does not lie on the

centerline of the zone of deflection. The eccentricity in terms of

is approximately 10. This eccentricity affeots two values: the moment

arm of F about the wheel center, and the moment arm from Fcz to

the x axis of the wheel. Both of these values are affected because of

g the term r cos(Y, ). For values of y which can reasonably be ex-

petted (y < 20P), the difference between r co(,(Y ) and r cos(*y + 1°)

in negligible.

The r9sultant of the forces due to shear stress in the zone of

-- •r.deflection am now be written as

Y
F = 2 b r sin( ) Y (81)

The components of the resultant force in the X and Z directions are:

Y

Fcx - 2 b r sin( ) os( -dY

I P

2~. bn-b r s(neYb sin(Yt) r d (82)

Yip

2 b -- 2 r sin(i'5 ) sin (1d)

2V ",-YI1-- 2 b r sin(•, ) C~sOSW~ a' (8y

i} Equations (34) and (33) can now be modified for the flexible wheel:

FX7 b - 7 sin('Y- 0) dy - b r I (- si( ) dYi 'P
S-2 b r si-n(3) v sn(B),, dY (84)
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YP
F 2 umbr os(Y -) dY - b ricS(y - e) &1

2 b r sin(Y,,) Cos(O) dY (85)
P pi

The exprkssion for the moment on the wheel of foroes due to shear

stress, Equation (37), is easily modified for the flexible -Wheel by

using the resultant and its momnt arm, r cos(Y,).

M7 b dY + 2 b r2 sin(Y ) cos(v 3) + b 1f (86)

The mmnt about the vehicle OD due to the X component of F.r Is

Mht faC-.X(Z•i + + d) (87)

M"=- 2 b r sin(,, ) sin(6)jN + z +

r cos(Y ) sin(8f&. (88)
)ýP

Then the expression for M,, folows from Equation (24):

M7-f(IR,+ Z, +r cosa-)dF Y7 " Zi +Z o ?,(9

Y2 f y~p 1P Y

M1 = b r (2. + z)[ sin(Y - 8) cr - /8in( - e) d-i]

"YI PP

2 b r sui(y sin(A3) + Z - r eos(y,. )& +

2. - Y!

b iz 0 in rL (Y ) (90)

VEuations (W, (8S). (86). and (90) give the forces ani uomd

which result .from shear stresses on a flexible mbeel.
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G. INTSGWION OF TiE SOIL FOi= AND FWIENT EQUATIONS M T2•HE FI

1. Integrations Involving Normal Stress

As in the rigid i•mel casem the expressions for 'i, F12,

and M.x are analytically Integrable. The results of the integrations

from the rigid -eel cae we directly1 applicable to the flexible wheel
case, since the only clifferen:e '&a the 11iuits of integration. The re.

Ssulto e tr•

+X b(srnAY 2- B 8 ) sn -) - 2A By + e in( ), -o() (9)
+ * +BY + C)so(Y -l8) +AY 2  y -)-os(Y -0)

2 P aP 2

"+(yy , )) +2(zi(Y -- +.•)+oos (, .0))

a 2p 2 0 2P Z 2

"+(Y -Y )ms=(Y - 9)+ (Y - 2Y -+ Y1)1s - el
1 0 IP liP 1 10 1P

"H" 2 ( sa (Y I - 8) -- 1 2 V si n(Y ) .inW )(

-b r y +BY +C~o s(Y 9) .(jy2+ Y + )20(y2IO __ IF_ __ _ __ _
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if?

I

r + z )Fxo + 2 b P'sin( ) cos(Y ) sin($) cos(fl)

2+b A +.'•, +(Y - 9)
"br (AY 2+ BYý + C)isiri (Y

2F 
2P

"+ (Ay 2 +., + C)sin2,(y 0) - (Ay 2 + By + C)*•in(y - e)
1 1 1 1P 1P 19

+ ( " Yc' )Y - Y ) + - " )si (Y - ))
102 2 2) 2 2

+(2Y - Y + 'Y )sixi(2(Y -)) cos(2(Y 0,)~- COS(z(Y -0)

+ 2(y 0 Y( ý y - ) +(Y -Y)ain(2(y. )
1P

- cos((Y

When evaluated for a given wheel position, Equations (91) and (93)

ae inerted into the hull equations of motion, iail Equation (92) is

inserted into the wheel eq'dations of notion as shown below.

2. Integrations Involving Shear Stress

As in the rigid wheel case, the expressions for Fz.,, F=,, Mr,

and N' am not easily integrable. Again, a nuwrioal solution is the

best approach in this case. When evaluated, tl'ese force aWd aoMent

terns are inserted into the equations of notion in a winer sinir to

that for normal stres.

H. EQUATIONS OF YXTION IN THE SIM•lATIOV

With the soil forces and movents aunt derived, Equatioms (8), (9),

(10), (11), and (12) can now be used to specify the particular equa-

tions of motion for the system used in the simulation. Figure 18 shoh
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the vehicle with the forces and now-ts acting on it. From Figure 18,

and Equatiors (8), (9), and (10), the hull equations are-

x +CC"MFx + F2 a W, sinO (94)

[ Si

z ~~~coo@ - D,--D1()

Iy DI X, Dz2 + "I + M72 MWl,-Kw2 (96)

and are suspension foroes

Mw the engire torque on a iibeel

the subecripts denote front and rear wheels

Figure 18 also shows a vitn with the forces and mmnts acting on

it. From Figure I8, and Equations (11) and (12), the wheel equations

are

z I [W, cose+ FD, " (97?)

52 Vwcr Cossz 0 + Dp- F.2 (98)

(y:Q am MoI + m -M1 - M2 99F where
-thte angular velocity oZ the 1*mIee

(the same for all wheela)

Note that the signs of Y. and M7 are reversed from the hull equations,

since for the wheel, clockwise retation is positive.
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IV. THE SD•UATION

A. GE*=RA

The nodel in this report was developed as part of a simulation in

a larger project headed by Dr. X. Peter Jurkat, Davidson Laboratory,

Stevens Institute of Technology. The simulation used as a subroutine

a program which the author wrote to determine the forces and moments on

the vehicle due to the wheel-soil interaction.

B. CONCEPT

Unbalanced forces are calculated as a result of vehicle velocity,

and wheel position with respect to the v-ehicle and the ground. Thenj unbalaned forces are used to move the vehicle to a newr position and

velocity via the equations of motion.

At the beginning of the simulation, initial position and velocity

are assigned to the vehicle. This position determines the amount ofI
mbeel-soil interferance in terms of the exit and entry angle of the

= I wheel. Using these and the soil paramesters, Equations (34), (35), (37),

(38), (55), (56), and (57) calculate the forces and uomnts derived in

Section I for the rigid wheel case. If the flexible wheel case ob-

tains, Equations (84), (85), (86). (90), (91), (92), and (93) are used.

These forces and moments are then inserted into the equations of motion,

"which are nu eLcally integrated to get a new position, velocity, and

acceleration. The process is then repeated.

C. DESCRIPTION

The simulation gogram consists of five major subroutines, which

are shown in block diagram in Figure 19. The simulation is quite
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V lINPUT
SVehicle Data; Luiltial

Conditions; Geometric
Data; Limit Conditions

LTL GRATION CONTROL

UPDATE OUTPUT
Calculation of Vehicle
Acceleration, Velocity, Data; Stores Soil
and Attitdae Profile

SOIL F•OCES

Computation of Soil
Forces and Moments

FIGURE 19 PROGRAM SUBROUTINES
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flexible with respect to types of vehicles, soil paraetere, and ground

profiles which may be used. A description of the subroutias8, vith

comments on their capabilities, follows.

(1) Reads vehicle description; the vehicle sprung weight,

unsprung weight, moment of inertia, location of CG, etc., must be

specified.

(2) Reads soil profile and parameters. The program stores

the *oil profile as coordinate locations, so any profi2e can be used.

The soil parameters can be varied along the profile to simulate

changing soil comditions which the prototype might encounter.

(3) Reads initial zonditions of the problem. The rehicls

I can be started from rest, or with an initial velocity.

(4) Positions vehicle with respect to the soil profile.

(5) Reads integration control variables.

INTegRATION CONTROL

(1) Calls a subroutine which integrate. the equations of

motion by the hiaming Prdictor-Corrector Method.

(2) Tests for coopetion of simulation.

UIVAM

(1) Calculates wheel posvition with respect to soil profile

intermsof ,y , andY.

(2) Calculates local ground slop, and whe.l alip.

(3) Calls soil for subroutie.

((4) Calculates engine torque; checks engine torque vs RPM

map and shifts to proper transmission gear.
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(5) Calculates m.6pension forces.

(6) Calculates accelerations in all degrees of freedom from

the equations of notion.

OUTPUT

(1) Prints remilts.

(2) Modifies soil profile due to wheel-soil interference.

Stores current and original so profils.

SOIL FORCES

(1) Calculates heel sinkage and theoretical ZaximaX soil

pressuzo

(2) Determines whether rigid wheel of flexible wheel case

holds.

(3) Calculates soil forces arA uomnts derived in Seotion

i
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V. UAL IATIVE VALIDATION

Since no experimental data exists which relates vehicle perfor- V

mance to soil parameters, Whe model waa 'validated' on a qualitative

basis. It is generalUy expected that vehicle performance will increase

as soil strength increases. To detersme if the model did produce re-

suite with this trend, the following approach mas selected:

2Part I

1. Select c. ko, n, K,, 0. and a. uniforml]y sloping soi~l

profile.

2. Vary kj to change soil strength.

3. Use the ability of the vehiole to clipb the slope as a

measw'e of the effect of soil strength.

*Part 2

1For a soil strength which allovs the vehicle to just climb

the slope, change Ihe per cent of slops and examine its effect on ve-

hicle performance.

For the first portion of the validation, the soil selected was a

cohesionless one with the following paramters:

0c-0

n-i

K - 0.2

tar* -0.28
A 15% slope was selected. Valu.2es of k chosen wre 30, 40, and 50.
Ts
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('4) and (51). The initial velocity selected was 60 inches per eeconi,

or 3.4 miles per hour.

Table 2 shows the vehicle velocity at 0.1 second interva.Ls for

each case. Figure 20 is a plot of velocity vS time for each case. The

first 1.5 seconds is considered the transient portion of the siila-

tion; it, arises from the assignment of initial conditions which are

not steady-state. For a ko of 30, the vezicle could not continue to

climb the slope, and the velocity gradually deineased. At a k# of 01,

the vehicle was able to slightly accelerate up the slope. At a 4 of

50, the vehicle was able to accelerate even more. Thus, as soil

strength increased, vehicle performance incressd as expected.

For Uhe b•cond portion of t1,e validation, the value of 40 for k

was selected. The simulation was executed for values of slope of 1?.3%

and 20%. Table 3 shows the vehiule velocity at 0.1 second intervals

for each case. The plot in FJgpre 21 Mhows that as slope is increased,

vehicle performpie decrsases as expected.

;A'
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TABIL 2

VEHICLE VEIOCITY AT SEETDTIME.S FCR VARIOUS k4

TTE selVELOCITY (inite) kj 0

k4 f 30 k4 n-.40 k4 - 50

0oo 60.oo 60.00 60.00
0,10 62.14 60.66 60.84
0.20 60.26 60.46 61.18
0.30 58.58 60.89 62.15
o.4o 58.60 61.48 63.27
0.50 0.84 62.0? 64.37
0.60 58.90 62.49 65.35
0.70 58.78 62.80 66.09
0.80 58.16 63.07 66.81
0.90 57.47 63.43 67.64
1.00 56.56 63.90 68.46
1.10 56.17 64.31 69.30
1,20 56.01 64.74 7o.19
1.30 55.86 65.24 71,40
1.40 55.86 65.93 71.86
1.50 56.55 65.94 72.56
1.60 56.28 66.18 73-27
1.70 54.55 66.38 73.98
1.80 54.03 66.66 74.73
1.90 53.68 66.97 7548
2.00 53.33 67.27 76.21
2.10 53.05 67.59 76.96
2.20 52.84 67.85 77.62
2.30 52.52 68.12 78.34
2.0o 52.22 63.38 78.95
2.50 51.91 68.68 79.64
2.60 51.65 68.96 80.28
2.70 51.32 69.26 81.08
2.80 51.10 69.58 81.84
2.93 50.78 69.91 82.52
3.00 50.46 70.21 83.21
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VEHICLE VELOCITY AT SELECTEM TTl.,S FR VARIOUS SLOPES

0.00 60.00 60.00 60.00
0. 10 6o.66 60.53 59.57
0.20 60.46 59.09 56.97
0.30 60.89 58.77 55.90
o.4o 61.48 38.61. 55, 15
0.50 62.07 58.50 %,31.
0.60 62.49 58.23 53.38
0.70 62.8o 57.89 52.28
0.8O 61,.o7 57.b8 51.o0.
0.90 63.43 Y7.08 49.86
1.00 63.90 56.75 48.78
1.10 64,31 56.-.7 4.7.72
%.20 64.74, 56.2z 46.69
1.30 65.24 55.52 45.65
1.40 • 65.93 55.18 44., 7
1..50 65.94 55.65 4.3.36•
1..6o 66.18 54.84 43.11t
1.70 66.38 5.2z. 42.76
1.80 66.66 53.80 40.72
1.90 66.97 53.30 39.22
2.00O 67.27 52.80 37.95
2.10 67.59 52.61 36.70
2.20 67.85 51.69 35.48
2.30 68.j2 50.93 34.20
2.4o 68.3a 50-56 33.05
2.50 68.68 510.19 31.43
2.6o 68.96 490.84 29.17
2.70 69.26 49.36 27.10
2.80 69.58 4•9.14• 25.61
2.90 69,91. 48.12 24.. 6
3.00 70.21 47.50 22.56

_ __-:
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A. CONCUIMN

On a qualitative basis, the model of v*eiale dynamics and wheel-

st soil intaraction presented in this stucy is a valid si•ulation of

atual vehicle perfovmanoe.IB. ROM AIN
1. That xperimental data be gathered to assess the validity of

the model on a quantitative basis.

2. That the equations of motion ;esented in this svirl be modi-

fied to iwoulw the relative acoelerati of the wheels discussed in

Section III.B.

3,. That be soil-wheel equations presented be odified to use the

Sela-Ehlich improved equations for normal stress.

I
2

r

tI

3- -
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